
Before you calculate, compare, or graph a number, ask: What are the units? Then ask what the number actually
counts, when the count begins, and whether it describes a total or a rate. Those details may seem small, but they
determine what your numbers mean—and whether someone else can interpret them correctly.

A clear definition turns a vague quantity such as “shipments” or “cost” into something usable. It helps you avoid
comparing unlike measurements, label a graph accurately, and explain what a changing value says about a real
situation. This matters in a calculus class, but it also matters in an inventory dashboard, a shipping report, or a
household budget.

In this post, we’ll build clear definitions by focusing on four questions: What are you measuring? What are the
units? When does measurement begin? And over what interval are you calculating a rate?

Start by Defining What the Quantity Means
Suppose a warehouse report includes the variable \(S\). Does \(S\) represent the number of packages shipped
today, the total number shipped since Monday, or the shipping cost in dollars? A letter by itself doesn’t tell us. To
define variable meaning, state in plain language exactly what the variable represents.

A useful definition usually identifies:

The thing being measured: packages, dollars, miles, or another quantity.

The kind of quantity: a total, a rate, a balance, or a change.

The relevant time: when the measurement is taken or the period it covers.

The units: packages, dollars, dollars per day, and so on.

For example, instead of writing “Let \(S\) be shipments,” write:

Let \(S(t)\) be the total number of packages shipped by the warehouse from the start of Monday through
time \(t\), measured in packages.

That sentence identifies the quantity, its cumulative nature, its starting point, and its units. It also makes clear that
\(S\) is a function of time: the total can change as time passes.

Totals and Rates Are Different Questions
A total and a rate may describe the same activity, but they answer different questions. A total answers, “How
much has accumulated?” A rate answers, “How quickly is it accumulating?” Calling a total a rate is like calling the
number of miles a speed. They’re related, but they’re not interchangeable.

Quantity Question it answers Example units Total packages shipped How many packages have shipped so far?
packages Shipping rate How many packages ship per hour? packages per hour Total shipping cost How much has
shipping cost in all? dollars Average cost rate How much does shipping cost per package? dollars per package

Imagine a report says that a team shipped 240 packages during an eight-hour shift. The total is 240 packages.
The average rate over the shift is:

\[ \frac240\text packages8\text hours=30\text packages per hour. \]

The first quantity is a total; the second is a rate. The average rate doesn’t mean that exactly 30 packages shipped
in every https://activecalculus.org/author/Running-Totals-Rates-of-Change hour. The team might have shipped 50
packages in the first hour, 10 in the second, and none during a break. The average summarizes the full interval.



When writing a definition, don’t rely on a variable name to do all the work. A variable called \(R\) might suggest
“rate,” but a written definition should still say what is being counted and how the units are measured. If the
quantity is a rate, include “per” in the units.

State the Units Every Time They Matter
To state units is to tell readers what a number measures. Units prevent a value from being misread and make
calculations easier to check. A number such as 12 is incomplete in most practical settings. It could mean 12
packages, 12 hours, 12 dollars, or 12 dollars per package.

Units also act as a quick error detector. If you divide a total cost in dollars by a number of packages, the units
become dollars per package:

\[ \frac\textdollars\textpackages=\textdollars per package. \]

If your calculation is supposed to produce a shipping cost per package but the units simplify to packages per
dollar, pause and check the setup. The units may reveal that you divided in the wrong order.

Time units deserve special care. If one report records time in hours and another in minutes, say so before
comparing them. For instance, 90 minutes is 1.5 hours—not 90 hours. A rate of 20 packages per hour is not
directly comparable to 20 packages per minute; the second rate is much larger.

Use specific labels on graphs, too. Labeling a vertical axis “Cost” is less informative than “Cumulative shipping cost
(dollars).” Labeling a horizontal axis “Time” leaves important questions unanswered. Is it hours into a shift, days
since the start of the month, or calendar time? Clear axis labels carry the definition into the visual display.

State the Start Time
For a quantity that accumulates, the start time matters. “Total packages shipped” might mean the total since the
beginning of a shift, week, month, or year. Without a starting point, the value cannot be interpreted reliably.

To state start time, specify when the clock begins and what counts from that point onward. For example:

Vague: \(P(t)\) is the number of packages.

Clear: \(P(t)\) is the total number of packages shipped from 8:00 a.m., the start of the shift, through \(t\),
measured in packages.

The clearer definition tells us how to interpret \(P(11:00\text a.m.)\). It means the total shipped during the three
hours since the shift began—not the number shipped only at 11:00 a.m.

This distinction also helps define the initial value. If no packages have been shipped at the start of the shift, then:

\[ P(8:00\text a.m.)=0\text packages. \]

But a different quantity might start with a nonzero value. For example, an inventory balance at the beginning of
the day could be 420 items. It is a balance at a point in time, not a total shipped since that point. A good
definition makes that difference visible.

Intervals Matter for Average Rate of Change
A rate is incomplete without a time interval—or another interval appropriate to the situation. The average rate of
change tells us how much a quantity changed over an interval, divided by the length of that interval.



If \(C(t)\) is cumulative shipping cost in dollars and \(t\) is time in hours, the average rate of change from \(t=a\) to
\(t=b\) is:

\[ \fracC(b)-C(a)b-a. \]

The numerator is the change in cost, measured in dollars. The denominator is the elapsed time, measured in hours.
So the result has units of dollars per hour.

For example, suppose cumulative cost is \$180 after two hours and \$420 after five hours. The average rate of
change from hour 2 to hour 5 is:

\[ \frac\$420-\$1805\text hours-2\text hours =\frac\$2403\text hours =\$80\text per hour. \]

That statement is not the same as saying the cost increased by \$80 at exactly hour 3, or that it rose by \$80
during every hour. It says the net increase over the three-hour interval averages \$80 per hour.

Always name the interval when reporting an average rate. “The cost increased at an average rate of \$80 per hour”
leaves a reader wondering: during which hours? A more useful statement is: “From hour 2 to hour 5, cumulative
shipping cost increased at an average rate of \$80 per hour.”

When Events Happen in Jumps, Show the Jumps
Many workplace quantities don’t change smoothly. Inventory may drop when a shipment leaves. A balance may
increase when a deposit arrives. Packages may be scanned in batches. If the quantity changes only at specific
events, a smooth-looking curve—or a straight-line connection between observations—can suggest changes that
did not actually happen.

Suppose a dashboard records the number of open orders at the end of each day. If 20 orders are open Monday
and 14 are open Tuesday, connecting the points with a slanted line implies that the count passed through values
such as 17.5 during the interval. That may be misleading: orders are whole items, and the records may only
establish the totals at the stated times.

When events happen in jumps, a step graph can be the better choice. Each horizontal segment shows that the
recorded value stays in place until a change occurs; a vertical segment marks the jump. Include a clear note about



whether each value applies at the beginning or end of an interval. That timing convention can change how readers
understand the graph.

A graph is not just decoration for a definition. It should match what the data represent. If measurements are only
recorded at discrete times, say so. Don’t draw a smooth curve unless you have a reason to describe what
happened between observations.

A Simple Recipe for a Clear Definition
Before building a table, writing an equation, or interpreting a graph, use this checklist:

1. Name the variable. Choose a symbol that is easy to use, but don’t assume the symbol explains itself.

2. Define the measured quantity. Say exactly what is counted, totaled, balanced, or calculated.

3. Identify the time reference. Specify whether the value is measured at a particular time or accumulated over
a period.

4. State the starting point. For a cumulative total, say when accumulation begins.

5. State the units. Include units for both the quantity and the time variable.

6. Name the interval for a rate. Explain which two times, locations, or other inputs are being compared.

Here’s the recipe applied to a shipping example:

Let \(N(t)\) be the total number of packages shipped from the start of the 8:00 a.m. shift through time \
(t\), where \(t\) is measured in hours after 8:00 a.m. The units of \(N(t)\) are packages. The average
shipping rate from time \(t=a\) to time \(t=b\) is \(\fracN(b)-N(a)b-a\), measured in packages per hour.

Notice how the definition distinguishes the total from the rate. It also establishes the start time, specifies the units,
and gives an interval for the average rate.

Use MathJax and Runestone to Support Clear Definitions
If you’re preparing a lesson, report, or online explanation, consistent formatting can make your definitions easier
to follow. MathJax is a math-rendering tool that displays notation such as \(N(t)\) and \(\fracN(b)-N(a)b-a\) clearly
in web pages. The equation should support the written definition, not replace it. A formula alone may not tell
readers what \(N\), \(t\), or the units mean.

Runestone is an interactive publishing platform used for online learning materials. In a Runestone lesson, you can
present a definition, then ask learners to identify the quantity, units, start time, or interval in a short activity.
Interactive checks are especially useful for catching the common mix-up between a total and a rate.

Before You Share the Number
A clear definition is a small piece of writing with a big job. It helps someone understand what a number counts,
when the count begins, and what the units mean. It also prevents a total from being mistaken for a rate and keeps
an average rate tied to the interval it summarizes.



Before sharing a chart or calculation, ask yourself: What are the units? What exactly does this variable measure?
What is its start time? If I’m reporting a rate, what interval does it describe? Answer those questions in words, label
the axes, and choose a graph that matches how the data were recorded. Your numbers will be much easier to use
—and much harder to misinterpret.


